An optimal estimation technique is presented to estimate spherical harmonic coecients. This technique is based on the minimization of the mean square error. This optimal estimation technique consists of computing optimal weights for given network of sampling points. Empirical orthogonal functions (EOFs) are an essential ingredient in formulating the estimation technique of the eld of which the second-moment statistics are nonuniform over the sphere. The EOFs are computed using the United Kingdom dataset of global gridded temperatures based on station data. The utility of the technique is further demonstrated by computing a set of spherical harmonic coe cients from the 100-year long surface temperature uctuations of the United Kingdom dataset. Next, the validity of the mean square error formulas is tested by actually calculating an ensemble average of mean square estimation error. Finally, the technique is extended to estimate the amplitudes of the EOFs.
Introduction
The spherical harmonic functions are a natural basis for a global eld variable on the surface of the Earth. This basis set and its applications to general circulation models are very common (for example, Eliasen et al. 1970; Bourke 1974; Bourke et al. 1977; McAvaney et al. 1978; Pitcher et al. 1983; Ramanathan et al. 1983; Williamson and Swarztrauber 1984) . As its use is becoming more commonplace, much theoretical work has been conducted on the sampling bias and the e cient algorithms for computing the spherical harmonic functions and expansion coe cients (Ellsaesser 1966; Orszag 1970; Bourke 1974; McAvaney et al. 1978) . These studies mainly deal with identifying a suitable quadrature method and the associated quadrature points and weights.
For historical reasons, however, we do not have the freedom of choosing quadrature points. Instead, we have to rely on whatever data are available on a very sparse, irregular network of sampling points. This introduces potentially signi cant sampling error in computing the spherical harmonic components, the global average being one component, of a global eld and has been a concern for a long time. This also raises a question as to the e ciency of an estimator. Recent studies on estimating the global average temperature include Vinnikov et al. (1990) , Trenberth and Olson (1992) , North et al. (1992) , Hardin and Upson (1993) , Madden et al. (1993) , and Shen et al. (1994) . In this paper, we examine two questions: (1) How large is the sampling error due to an imperfect sampling network in estimating the spherical harmonic coe cients? (2) How do we formulate an estimation technique that minimizes the sampling error?
To minimize the estimation error for a given number of gauges we can proceed in two distinct directions: (1) We nd the best gauge locations; or (2) We nd the best averaging scheme for xed gauge locations. The former approach for estimating the global average temperature includes studies by North et al. (1992) and Hardin et al. (1992) . In this study, we take the latter approach.
Two key concepts of the linear estimation/sampling theory to be developed here are the optimal weighting and the minimum mean square error. For a given network, we will formulate a weighted estimator for a spherical harmonic component, which minimizes the error squared in an ensemble sense. The idea of optimal weighting was introduced earlier by Kagan (1979) and Bell (1982 Bell ( , 1986 and was employed recently by Vinnikov et al. (1990) , North et al. (1992) , Hardin and Upson (1993) and Shen et al. (1994 Shen et al. ( , 1996 among others. The optimal weights are determined such that the error functional is minimized.
This estimation/sampling problem depends crucially upon the covariance structure of the underlying uctuations of the eld variable to be estimated. The magnitude and the length scale of the covariance function should properly be integrated into formulating a set of optimal weights for a network of sampling stations. An essential ingredient in the present study is the spectral representation of the covariance eld (Kim and North 1991 . In this spectral approach, the covariance structure is represented in terms of empirical orthogonal functions (EOFs). These EOFs, by de nition, take into account the second-moment statistics (variance and covariance) of any nonhomogenous eld. This approach enables us to remove simplifying assumptions such as the homogeneity and isotropy of the covariance eld (Vinnikov et al. 1990; Shen et al. 1996) . The EOFs used in this study are computed based on the 100-year (1890-1990) United Kingdom data set (Jones et al. 1986a, b; Woodru et al. 1987) . Details on these EOFs are found in Kim and North (1993) and will not be repeated here.
Finally, the spectral representation of the EOFs allows us to apply the present formulation to the estimation of the EOF amplitude. We will present the formulae for the optimal weights and the ensemble average of error squared for the amplitude of EOFs.
Methods

Weighted estimator
Expansion coe cients of a global variable, say surface temperature anomalies, in terms of the spherical harmonic basis set is determined by
In practice, the maximum order of expansion is set to a nite value L. Normally, (1) is evaluated using a Gaussian quadrature method (e.g., Ellsaesser 1966; Orszag 1970; Bourke 1974; McAvaney et al. 1978) . To use the Gaussian quadrature method, however, we should rst interpolate the eld data to the quadrature points. Looking back on the history of sampling stations, they had been purposely established in or near cities, agricultural sites and airports. Certainly, the station distribution is not ideal for research purposes. The estimation of the spherical harmonic coe cients is a ected by the quadrature method used and, in particular, by interpolation error. Here, we explore a di erent approach based on the minimization of the mean square error of estimation. Given sampling locations, this technique utilizes the global covariance information to calculate an optimal set of weights for averaging given samples.
Let us consider an estimate, b T lm , in the form
where
Equation (3) is a quadrature form of (1) for given quadrature points fr j j j = 1; ; N net g.
The quadrature weights w j will be determined based on the minimization of mean square error. Equation (3) 
From (2) and (5), we can derive an expression for the aliasing of a spectral component. Namely 
The matrix A is called the aliasing matrix and its structure shows how di erent spectral components contribute to the aliasing of the estimate b T lm . For the anomaly elds, however, hT lm i = 0 and hence h b T lm i = 0, where h i represents an ensemble average. The anomaly is with respect to the ensemble average and an ensemble average may be taken as an average over a long time interval for practical reasons. Aliasing and bias, therefore, is not an issue for the anomaly elds. For hT lm i 6 = 0, as in the case of the observed surface temperature eld with a linear trend, an optimal estimator is in general aliased and biased unless 
where each weight is the areal element associated with a quadrature point. Although (4) does not guarantee (8) to hold, it is introduced to properly constrain this integration. Of course, the mean-square error would be smaller at the risk of unconstrained alias if this condition is removed.
Minimum mean square error
The mean-squared error of the estimator b T lm (t) is de ned as
The covariance is given by (Kim and North 1993) T(r)T(r 0 ) = X n n n (r) n (r 0 );
where n (r) is the nth eigenfunction and n is the corresponding eigenvalue of the covariance matrix of the global temperature eld. Then, we can rewrite (10) as
Note that lm (n) is the projection of n (r) onto the spherical harmonic component Y lm (r). Now, the Lagrangian is 
Equation (15) is an (N net +1) (N net +1) matrix equation for unknowns w j , j = 1; ; N net , and .
Once the optimal weights are determined, minimum mean square error is given by 
Optimal estimate for EOF amplitude
The formulation derived above is easily modi ed for the estimation of the EOF amplitude. We de ne the amplitude of EOF, n (r), as
where, as in Kim and North (1993) ,
The f n (r)g of which the amplitude is to be estimated is not necessarily the same set of EOFs as in the formulation of the optimal estimator. As before, we de ne a weighted estimate of A n (t) as
w j T(r j ; t) n (r j ):
After similar algebraic manipulations as above, we obtain
n l (r j ) n (r j ) for j = 1; ; N net X j w j = 4 ;
where (l) n is the projection of l (r) on n (r). A scaled minimum mean square error is
For the special case of (r) = (r),
= n 2 n (r j ) for j = 1; ; N net ; (23) and the minimum mean square error is 
Results and Discussion
Throughout the discussion, percent sampling error squared is used as a measure of the accuracy of an estimation technique. Figure 1 shows the percent sampling error squared for four di erent regular networks and for the Angell-Korshover (A-K) network (Angell and Korshover 1983) . For the uniform weighting case, we simply use a constant value of w j = 4 =N net . The optimal weighting scheme far excels the uniform weighting scheme. As the number of stations exceeds 200, percent sampling error squared is almost zero for the optimal weighting scheme. For the uniform case, however, there are certain modes for which accuracy of estimation would not improve with the number of stations. In our example, estimate improvement is very sluggish for all the zero-rank modes. This peculiar behavior is due to the neglect of areal weighting. With a proper account for the areal representation of each quadrature point, as in the Gaussian method below, the estimate should converge to an accurate value with a large number of stations. The optimization of the sampling positions (such as A-K network) has little e ect in the present estimation technique.
We also investigated the percent sampling error for irregular networks (Fig. 2 ). An irregular network was generated by randomly selecting sampling points with a constraint that the minimum distance with other points is about 7 . If the stations are very close to each other the matrix problem (15) would be nearly singular and result in large computational error. For a small number of sampling stations, an irregular network performs better than a regular network for the optimal weighting scheme. For such a sparse network estimation error is large even for the optimal estimator and the fortuitous cancellation of error due to random selection of stations may be more important. As the number of stations exceeds about 50, an irregular network becomes inferior to a regular network. For a dense network one may need to thoroughly cover the observational eld without a large gap. Even with 200 sampling stations, percent sampling error squared for an optimal weighting scheme on an irregular network does not approach zero for some modes. For the uniform weighting scheme, however, irregular networks eliminate the estimation inaccuracy asso-ciated with zero-rank modes in Fig. 1 . These results are robust as shown in the tables below.
Next, we consider Gaussian networks. The Gaussian network gauges are at Gaussian points in the meridional direction and are uniformly distributed in the zonal direction. The weights are a set of properly scaled Gaussian weights, which is a function only of latitude. This might be the most popular scheme for computing spherical harmonic coe cients. As shown in Fig. 3 , the Gaussian scheme surpasses in performance the uniform weighting scheme because the former accounts for the areal weighting by using an independent variable x (sine of latitude) in its formulation. Also, it is an optimal estimation method in a sense that the result is exact for a polynomial up to a certain degree. It is slightly inferior to the optimal weighting scheme. The Gaussian scheme was not customized for the particular variable we are considering. The Gaussian scheme, however, is di cult to implement for an irregular network.
As a demonstration of practical applicability, we estimated the spherical harmonic coe cients from the 100-year (1890-1990) United Kingdom dataset. It is a global surface temperature data gridded on a 72 36 uniform array. The surface temperatures over land are from Jones et al. (1986a, b) and those over the ocean are from the Comprehensive Ocean-Atmosphere Data Set (Woodru et al. 1987) . Then, we calculated the percent sampling error squared based on the assumption that we can calculate true coe cients from a dense (72 36) array. Tables 1 and 2 summarize the results of the experiments. The optimal weighting scheme is consistently better than the uniform and Gaussian weighting schemes for both the regular networks (Table 1 ) and irregular networks ( Table 2 ). The percent sampling error squared obtained from the observation data is very consistent with the theoretical estimation (values in parenthesis).
To better interpret the tables, we plotted a few selected time series. Figures 4 and 5 show respectively the time series of T 00 and T 60 on a regular 6 4 grid. Even with such a sparse network, the optimal weighting scheme does an excellent job. The Gaussian weighting scheme is reasonable for low mode numbers (Fig. 4 ) but gradually deteriorates with the mode number (Fig. 5) . Figures 6 and 7 are the same time series but for a regular 20 10 grid. With this large number of gauges, both the optimal and Gaussian weighting schemes do superior jobs. But, the uniform weighting scheme does a poor job for certain modes as exempli ed in Fig. 7 .
Finally, we applied the estimation techniques to calculating the EOF amplitudes. Figure 8 shows the percent sampling error squared for regular networks. Again, the optimal weighting scheme performs best. The uniform weighting scheme introduces large sampling error. The Gaussian scheme improves as the number of gauges is increased but is inferior to the optimal scheme. As shown in Fig. 9 , sampling error for the EOF amplitude is not very sensitive to the network con guration. The performance of the estimation schemes at irregular network is comparable to that at regular network.
Summary and Concluding Remarks
In this study, we implemented an optimal estimation technique for the spherical harmonic coe cients from a network of gauges of certain con guration. The method is based on the variational principle of minimizing least square error and constitutes computing a set of optimal weights for a given network of gauges. The optimal weights in turn are based on the detailed covariance structure of the eld to be estimated, which is represented in terms of EOFs. The optimal estimation technique was tested and was compared with a uniform weighting scheme and a Gaussian weighting scheme to assess the performance of the developed estimation technique. A summary of the results follows.
(1) As expected, percent sampling error squared generally decreases with the number of sampling gauges for all the estimation techniques we considered. It tends to increase with the mode number. For an optimal weighting scheme, however, the growth rate of percent sampling error increases slowly with the mode number.
(2) The optimal weighting scheme is consistently better than a uniform weighting scheme or a Gaussian scheme. For a small number of sampling gauges (< 50), regular and irregular network con gurations result in similar performances in an optimal weighting technique. For a large number of stations, a regular network performs better.
(3) For a uniform weighting scheme, use of regular networks results in signi cant sampling errors for certain modes. The performance of the estimation technique improves little for these modes even with a dense network. In our example, all the zero-rank modes were erroneously estimated. For an irregular network, the performance of the uniform weighting scheme improves monotonically with the number of gauges, but the sampling error is still signi cant even for 200 stations.
(4) A Gaussian weighting scheme is much better than a uniform weighting scheme, but is inferior to an optimal scheme. It performs well for a given mode if a su cient number of gauges are available. A remarkable shortcoming of the Gaussian scheme is its large growth rate of percent sampling error squared with the mode number. This implies that for a given number of gauges, there is a rather stringent limitation in the mode numbers which can be estimated accurately. Another de ciency of the scheme is its requirement for a regular network.
(5) We validated theoretical estimations of the percent sampling error squared from the observational data. We calculated the percent sampling error squared from a 100-year United kingdom data set. The estimated values are remarkably close to the theoretical limit, thereby demonstrating the utility of the method.
(6) For the amplitudes of EOFs, an optimal weighting scheme again performs best. An optimal weighting scheme works well both on regular and irregular networks, and the percent sampling error squared quickly attens with the mode number and with the number of gauges.
In view of these ndings, we feel that the optimal weighting scheme presented here is a useful estimation technique for spherical harmonic coe cients and the amplitudes of (200, 63, 24, 16 points) and for the Angell-Korshover network: (a) optimal weighting scheme, (b) uniform weighting scheme. An irregular network is generated by randomly selecting sampling points with a minimum distance constraint of about 7 degrees. Fig. 3 . Percent sampling error squared for four Gaussian networks (20 10, 10 6, 6 4, 4 4). The Gaussian gauges are at Gaussian points in the meridional direction and are uniform in the zonal direction. The weights are Gaussian weights scaled such that P w j = 4 . Optimal weighting on the Angell-Korshover network is plotted for a comparison purpose. Fig. 4 . 100-year time series of T 00 component from the United Kingdom data set (Jones et al., 1986a, b) . The estimation technique is based on a 6 4 regular network. Employed weighting schemes are (a) optimal, (b) uniform, and (c) Gaussian. The respective percent sampling error squared are 5, 18, and 5%. (Jones et al., 1986a, b; Woodru et al. 1987) . Three di erent estimation techniques (optimal, uniform and Gaussian weighting schemes) were applied to four regular networks. The optimal and uniform techniques were applied also to the Angell-Korshover network. Table 2 . Percent sampling error squared (theoretical values in parenthesis) obtained from the 100-year (1890-1990) United Kingdom data (Jones et al., 1986a, b; Woodru et al. 1987) . The optimal and uniform weighting techniques were applied to four irregular networks and the Angell-Korshover network. (200, 63, 24, 16 points) and for the Angell-Korshover network: (a) optimal weighting scheme, (b) uniform weighting scheme. An irregular network is generated by randomly selecting sampling points with a minimum distance constraint of about 7 degrees. Fig. 3 . Percent sampling error squared for four Gaussian networks (20 10, 10 6, 6 4, 4 4). The Gaussian gauges are at Gaussian points in the meridional direction and are uniform in the zonal direction. The weights are Gaussian weights scaled such that P w j = 4 . Optimal weighting on the Angell-Korshover network is plotted for a comparison purpose. Fig. 4 . 100-year time series of T 00 component from the United Kingdom data set (Jones et al., 1986a, b) . The estimation technique is based on a 6 4 regular network. Employed weighting schemes are (a) optimal, (b) uniform, and (c) Gaussian. The respective percent sampling error squared are 5, 18, and 5%. (Jones et al., 1986a, b; Woodru et al. 1987) . Three di erent estimation techniques (optimal, uniform and Gaussian weighting schemes) were applied to four regular networks. The optimal and uniform techniques were applied also to the Angell-Korshover network.
